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Unnormalized power method

= Keep assuming A € R"X" is symmetric.

= Suppose eigenvalues satisfy:
=X > e >...> A >0 )
= Corresponding eigenvectors v, va,..., Vp.

Consider the following algorithm:

1. Choose x(® € R" at random.
2. Fork=1,...,K do:
2.1 x(K) = Ax(k=1),

Claim that x(K) — v;.



= The eigenvectors vy, va,..

Unnormalized power method

,Vn are an (orthonormal) basis for R”.

= Write x(0) = ajvi +asvy + ...+ apvp.

= Can compute:

e

= Ax(® = A(aavi + aova + ...+ apvn)
= a1Avi + aAvy + ... + apAv,

=oa1A1vi +@dv2 + ...+ apApvp

Similarly: x(K) = alz\’fvl + az)\é vo+ ...+ ankﬁ vn

= By assumption A\; =1 so /\’1‘ =1 for all k.

* By assumption |A;| < 1 for i > 2 so Ak — 0.

= Conclusion:

lim x) = |im

k—o0

k—o0

(al/\’l‘vl -+ a2A§V2 +...4+ oz,,)\ﬁv,,) = 1Vv]

)
3
4)
(5)
(6)

™



Towards the normalized power method

Suppose that eigenvalues do not satisfy:
1=X>|X>...>| ] >0. (8)
Several things can go wrong:

1. If A1 > 1 then limg_ o )\’f = oo so algorithm fails to converge.

positive if k is even

2. If Ay < 0 then Xk = { so {x(F)}, will not converge.

negative if k is odd
3. What happens if A is not diagonalizable?



The Rayleigh Quotient

Assume that A € R"™" is symmetric.

x T Ax
xTx

The Rayleigh Quotient: \R(x) := for x #0 9)

Some properties:

= If (A, x) is an eigenpair then AR(x) = .
« min AR(X) = Anin(A) and  max  AR(x) = Amax(A).

x: [Ix]l2=1 x: [|x[l2=1
» Rayleigh quotient is even: AR(—x) = \R(x)

= Ag(:) is continuous (away from x = 0).



The normalized power method

1. Choose x(© € R" at random with ||x(|> = 1.
2. Fork=1,...,K do:
2.1 y(k) = Ax(kfl).

0o - 1

= y
ly®]J2
2.3 XK = X\R(x(K),

Some remarks:

= Can use either x(K) or y(k) in the Rayleigh quotient.

= if y(k) = 0 terminate. Have found an eigenpair.

To show convergence:

1. First show if power method converges then limit point is an eigenpair.

2. Then show that! power method does converge and prove rate.

under some assumptions on the eigenvalues
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Limit points are eigenpairs
For any o € R define:

+1 ifa>0
sign(a) = -1 fa<o0
0 ifa=0

Lemma

Suppose power method converges:

lim A = X0 and lim (sign(\)*x¥) — x
k— o0

k— oo
Then Ax = Ax.
Proof.
A= lim A% = Jim AR(xX)) by assumption
k— o0 k— o0

lim AR (sign()\)kx(k)) Rayleigh quotient is even
k— o0

=R ( lim sign(A)kx(k)) Rayleigh quotient is continuous
k— o0

= AR(x) by assumption.

(10)

(11)



Limit points are eigenpairs

Proof continued.

= Have established:

k— o0

A= lim AR =R (klim sign(/\)kx(k)> = AR(x) (12)
—00

= Will now show: Ax = ux for some p.
= Conclude that ;1 = A®(x) = X and so (x, ) is an eigenpair.
« (HW) Show that lim sign(A\)*y*:+1) = Ax.
k—o0
« (HW) Show that lim [ly®|2 = ||Ax]J2.
k—o0

= Conclude that:

Ax = kll}mQQ sign()\)ky("ﬂ) (13)

lim sign(A)* [[ly* D [lox*TD] - def. of y(k 1) (14)
k— o0

= sign(A) kIme [||yk+1||2] kIme [sign()\)k+1x(k+1)] limit of products (15)

[sign(N)]|Ax]|2] x := ax (16)

O



Limit points are eigenpairs

= Thus power method is reasonable to apply.

= In practice, don't have sign(X). If A < 0 observe limit cycle:

lim x(9 = 4x and lim x(k+1)

k— o0 k— o0

= —x (17)
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Power method converges

Assume that A is symmetric and that:
[A] > [A2] =2 [As] > ... > [Aa] 2 0

Let vi,..., v, be corresponding normalized eigenvectors and
Q= [vl v,,].

Write A = QAQ" with A = diag (A1,...,An).

Observe that:

A= (QAQT)" = (QAQT) (QAQT) ... (QAQT)

k times

= QN"QT  where A" = diag (AF,..., k)

(18)

(19)

(20)



Power method converges

» Recall that ||x(@||, = 1.

= Define auxiliary sequence as:

1. X0 = x(0),
2. XA = aAx(k=1),
Note that:

1. X% will diverge if [A1] > 1!
2. XK = Akx(0),

* (HW) Show that x(K) = || X()]| 71 x (k).
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Power method converges

= Although x(K) diverges Al_kX(k) will converge:

lim A7AX0) = lim A7FARX©

k— o0 k— o0

= 1im A7 (QAQT) X = lim QAT¥A*QTx©)
k— o0 k—o0

= lim QAKQT x(® where A = diag (1, X2/A1, ..., An/A1)
k— o0

k— o0

= Note that:

k—o0

= diag (1, lim (A2/A1)%, ..., lim ()\,,/)\1)")
k— o0 k— o0

diag (1,0,...,0)

=: En

= Check that: QE11QT = viv

Q{Iim Ak

T

1 -

} QT x®

lim AK = lim diag (1, (A2/M)", ..., (An/M0)¥)
k— o0

as |A1| > |Ai| fori#1

(21)
(22)
(23)

(24)

(25)

(26)

(27)
(28)
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Power method converges

= So we observe that:

lim Al kx(k) = [vlv ]x(o) = [VIX(O)} vi (29)

k—o0

= We also have a convergence of norms:

lim | 7IXE = lim (AT X O (30)
k— o0 k— o0
= lim A kx|, (31)
—|| I|m AL kx|, = H[vlTx(o)] V1H2 (32)

:]le \ as |lvilla =1 (33)
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= The final trick:

lim sign(\1)
k— o0

Kok —

Power method converges

sign(Ag )k X
e XW,
sign(A1)* A <X
koo | 7HIXP
Ak x(k)
lim —— 1t =
15 [ F X
l A Fx()
= — Mk—roo 4 A limit of quotient
lim o0 [A1| =K1 XH)2
[vfx(o)] vi

= W By earlier work
1

multiplying top and bottom

as sign(a)|a| = a

= sign (VIX(O)) v



Power method converges: conclusion

Theorem

Suppose that:

1. A is symmetric.

2.

[Ax] > [Aa].

3. vlTx(O) # 0.

Let x(k), MK pe the sequence generated by the power method. Then:
1.

2.

lim A0 = ).

k—o0

li (k) — gj Tx() v,.
oz sign (v1 x ) Vi

. ||sign (v x@) va = x®||, < C(Ral/ Al

HW: Show the convergence to \1.
For rate of convergence, see textbook.

Can remove assumption that A is symmetric; see texbook.
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